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Abstract
It is known that factorization of the β-function loop integrals into integrals of double
total derivatives is an important ingredient needed for deriving the NSVZ relation by
direct perturbative calculations in N = 1 SQED regularized by the higher derivatives.
It allows to relate the β-function and the anomalous dimension of the matter superfields
defined in terms of the bare coupling constant. In this work we find the analog of this
result in the case of using dimensional reduction regularization in the lowest orders.
However, we demonstrate that in this case the NSVZ relation is not satisfied for the RG
functions defined in terms of the bare coupling constant. Nevertheless, it is possible to
impose boundary conditions to the renormalization constants determining the NSVZ
scheme in the three-loop order for the RG functions defined in terms of the renormalized
coupling constant.
1 Introduction
One of the most famous result in N = 1 abelian gauge theory (SQED) with Nf flavors,
S =
1
4e20
Re
∫
d4xd2θW aWa +
Nf∑
i=1
1
4
∫
d4xd4θ (φ∗i e
2V φi + φ˜
∗
i e
−2V φ˜i), (1)
is the relation between renormalization of the coupling constant and of the matter superfields
(which is called the NSVZ β-function) [1]:
β(α0) =
α20Nf
pi
(1− γ(α0)). (2)
Here α0 is the bare coupling constant and γ(α0) is the anomalous dimension of the matter
superfields. Eq. (2) follows from the connection between two-point Green functions of the
gauge and matter superfields which takes place in the case of using the higher derivative
1
regularization [2, 3]. A part of the effective action connected with the two-point Green
functions can be presented in the form:
Γ(2) − Sgf = −
1
16pi
∫
d4p
(2pi)4
d4θ V (−p, θ)∂2Π1/2V (p, θ)d
−1(α, µ/p)
+
1
4
Nf∑
i=1
∫
d4p
(2pi)4
d4θ(φ∗i (−p, θ)φi(p, θ) + φ˜
∗
i (−p, θ)φ˜i(p, θ))G(α, µ/p), (3)
where α = α(µ) is the renormalized coupling constant and µ is the renormalization scale.
It was noted that loop integrals determining β-function in abelian supersymmetric the-
ories can be presented as integrals of total derivatives [4] and double total derivatives [5]
in the momentum space (in the limit of the vanishing external momentum) in the case of
higher derivative regularization. This feature allows to reduce one of the loop integrals to
an integral of the δ-function:
d
d lnΛ
(
d−1 − α−10
)∣∣∣
p=0
=
d
d lnΛ
(
One-loop− 16pi3Nf
∫
d4q
(2pi)4
δ4(q) lnG
)
. (4)
This implies that one of the loop integrals can be explicitly calculated, and a β-function
in L-loop approximation can be connected with an anomalous dimension of the matter
superfields in the (L − 1)-loop. As a consequence, the NSVZ β-function for N = 1 SQED
with Nf flavors for the RG functions defined in terms of the bare coupling constant can
be obtained by summing supergraphs in the case of using the higher covariant derivative
regularization.
Within the dimensional technique, the loop integrals cannot be presented in the form of
integrals of double total derivatives. However, we will find the analogues of these structures
in the theory regularized by the dimensional reduction at the three-loop level. We will
find the influence of such structures on NSVZ relation and answer the question why the
RG functions defined in terms of the renormalized coupling constant in the DR-scheme do
not satisfy the NSVZ relation. Besides, in the three-loop approximation we will find the
boundary conditions to the renormalization constants giving the NSVZ scheme with the
dimensional reduction for the RG functions defined in terms of the renormalized coupling
constant.
2 Structure of the three-loop scheme-dependent
contribution to the β-function
The expression for three-loop scheme-dependent contribution to the d−1 function in
N = 1 SQED with Nf flavors regularized by the dimensional reduction can be presented in
the form:
d−1 − α−10 = 8piNfΛ
ε
∫
ddk
(2pi)d
1
k2(k + p)2
− 8piNfΛ
ε ε
1− ε
∫
ddk
(2pi)d
1
k2(k + p)2
(lnG)1–loop
−8piNfΛ
ε 2ε
1− 3ε/2
∫
ddk
(2pi)d
1
k2(k + p)2
(lnG)2–loops,Nf + finite terms +O(α
2
0Nf ) +O(α
3
0)(5)
where ε ≡ 4−d and lnG1-loop and (lnG)2-loop,Nf are parts of the function lnG corresponding
to the one- and a part of the two-loop approximation proportional to Nf , respectively. From
2
this expression we can conclude that two- and three-loop contributions to the β-function
are related to the one- and two-loop contributions to the lnG-function, respectively. In the
considered integrals the expressions [6]
1
2pi2
Λε ·
(L− 1)ε
1− Lε/2
∫
ddq
(2pi)d
1
q2(q + p)2
, (6)
where L is a number of loops, play the same role as the∫
d4q
(2pi4)
δ4(q), (7)
which appears after calculating integrals with higher derivatives regularization in the limit
of the vanishing external momentum (see Eq.(4)).
As a result, in the considered order we have received an analogue of this structure for
dimensional reduction which explicitly connect two-point Green functions for the gauge and
matter superfields as it makes integral of δ-singularities in the theory regularized by higher
derivatives.
3 The NSVZ scheme in the three-loop order
Let us try to derive the NSVZ-like relation for the RG functions defined in terms of the
bare coupling constant:
β(α0) ≡
dα0
d lnΛ
∣∣∣
α=const
; γ(α0) ≡ −
d lnZ
d ln Λ
∣∣∣
α=const
. (8)
Using the connection between two-point Green functions of gauge and matter superfield
described above we obtain that the β-function can be presented in NSVZ like form,
β(α0)
α20
=
Nf
pi
(
1− γ(α0)
)
+
∆β(α0)
α20
+O(α20Nf) +O(α
3
0), (9)
where
∆β(α0) =
α40(Nf)
2
pi3
· lim
ε→0
(
2
ε
[ ε
1− ε
(4piΛ2
p2
)ε/2
G(1, 1 + ε/2)− 1
]
−
ε
4(1− ε)
×
(4piΛ2
p2
)ε
G(1, 1)G(1, 1 + ε/2)−
1
ε
[ 3ε/2
1− 3ε/2
(4piΛ2
p2
)ε/2
G(1, 1 + ε)− 1
])
, (10)
G(α, β) ≡
Γ(α + β − 2 + ε/2)
Γ(α)Γ(β)
B(2− α− ε/2, 2− β − ε/2).
After some calculations, we obtain
β(α0)
α20
=
Nf
pi
(
1− γ(α0)
)
+
α20(Nf)
2
pi3
(
−
1
2ε
−
1
4
)
+O(α20Nf) +O(α
3
0). (11)
We see that, unlike the higher derivative regularization case, the RG functions defined in
Eq.(8) do not satisfy the NSVZ relation, and the β-function explicitly depends on ε.
However, similarly to the higher derivative case [7, 8], it is possible to impose boundary
conditions determining the NSVZ-scheme with the dimensional reduction in the considered
approximation [9]:
lim
ε→∞
α0(α
′, ε, x0 = 0) = α
′ −
α′3Nf
4pi2
+O(α′4); lim
ε→∞
Z ′(α′, ε, x0 = 0) = 1. (12)
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